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a b s t r a c t
In this paperwewill demonstrate an affective approach of solvingNavier–Stokes equations
by using a very reliable transformation method known as the Cole–Hopf transformation,
which reduces the problem fromnonlinear into a linear differential equationwhich, in turn,
can be solved effectively.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
In this work we will consider the flow of the blood in the arteries. In the circulatory system the blood is pumped out
from the heart and lungs through the system of branching arteries, whose size diminishes with distance from the heart.
Eventually, it flows through a network of capillaries and back into the venous system, which returns it to the heart and
lungs. To find the flow and the pressure of the blood at any point in the body, is a very complicated problem for such a
complicated system, but with a series of approximations the problem can be simplified to the point where it can be solved
mathematically, and hopefully the obtained solution will reserve the main feature of the system.
The equations that govern the flow of the blood in the arteries, and describe the blood itself, are the Navier–Stokes
equations [1],
∂v
∂t
+ (v · ▽)v = − 1
ρ
∇P + µ
ρ
△ v + f , (1)
and the equations of continuity:
∂ρ
∂t
+▽ · (ρv) = 0. (2)
These equations as they stand, are badly nonlinear, and extremely difficult to solve. Thus the following assumptions are
made to simplify them:
First, assume that the blood is a classical, incompressible Newtonian fluid, so that: µ = constant, and▽ · v = 0.
Second, we will assume that the arterial walls are rigid and have a unique cross-section, and since we are trying to
examine the changes in the velocity itself, then we will keep the nonlinear term.
Finally, we will assume a complete azimuthal symmetry, so that nothing depends on coordinate angle. Also, since the
blood is a dense fluid, and dense fluids like liquids have a large heat capacity, therefore the temperature changes due to
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internal friction are small. The density and viscosity in these cases are very little affected andmay be assumed to be constant.
Eq. (1) can be written as:
ρ
∂v
∂t
+ ρ(v · ∇)v = −∇P + µ△ v + ρf , (3)
where ρ is the density, v is the velocity, ∇P is the gradient pressure,△v is the Laplacian, and f is the external force.
Eq. (3) contains the following terms: ρ ∂v
∂t , the transient inertia; ρ(v · ∇)v, the convective inertia; −∇P , the pressure
force; µ△ v, the viscous force; and ρf , the body force.
The velocity components are: r, θ and z. Let (vr , vθ , vz) = (u, v, w), and using the assumption of symmetry, then
Navier–Stokes equations in cylindrical coordinates for constant viscosity, and density are [2–4]:
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where F = ρf . And the continuity equation:
1
r
∂
∂r
(ru)+ ∂w
∂z
= 0. (6)
Using the kinematic viscosity ν, where ν = µ
ρ
, Eqs. (4) and (5) can be written as:
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Leaving the choice of the pressure P , and the force f to the researcher, our goal will be to simplify the rest of Eqs. (7) and (8)
by means of the Cole–Hopf transformation. To do so, first we will keep the terms of both pressure P and the force f on the
right side, and move the other terms on the left side of the equation:
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2. Cole–Hopf transformation
Applying the Cole–Hopf transformation, we assume a single function ψ , where ψ = ψ(r, z; t), and letting u = ψr , and
w = ψz , then Eqs. (9) and (10) can be written as (for details on the Cole–Hopf transformation, please see Gorguis in [5]):
(ψr)t + ψr(ψr)r + ψz(ψr)z − ν

(ψr)rr + 1r (ψr)r −
ψr
r2
+ (ψr)zz

= − 1
ρ
∂P
∂r
+ fr (11)
(ψz)t + ψr(ψz)r + ψz(ψz)z − ν

(ψz)rr + 1r (ψz)r −
ψz
r2
+ (ψz)zz

= − 1
ρ
∂P
∂z
+ fz . (12)
Integrating both Eqs. (11) and (12) with respect to r and z respectively gives,
ψt + 12ψ
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1
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Now, introducing the special transformation function ψ = −2ν logφ, and applying it to Eqs. (13) and (14) gives,
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By the superposition method, Eqs. (15) and (16) can be written as,
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With simplifications on both sides, Eq. (17) can be written as,
φt − ν △ φ = − φ2ν

− 1
ρ
∇P + f

, (18)
where△φ = φrr + φzz, f = fr + fz , and ∇p = ∂P∂r + ∂p∂z .
Now, going back to our original equation (3) and rearranging it as follows,
∂v
∂t
+ (v · ∇)v − ν △ v = − 1
ρ
∇P + f , (19)
we see that the original equation (19), the nonlinear differential equation, has been transformed into Eq. (18), the linear
differential equation, which can be easily solved by using a number of different methods such as the Laplace Transformation
Method, Green’s Method, etc. depending on the choice of the researcher. Also, notice the left side of the original equation
(19) was reduced to the left side of Eq. (18) which is known as the Heat Equation.
Applying the transformation to the continuity equation (6) gives,
−2ν
φ
(φr + φz) = 0, (20)
or
(φr + φz) = 0. (21)
Now, theNavier–Stokes equations are simplified, if the researcher knows the type of external force applied, and the pressure,
then he/she can solve the whole problem.
3. Discussion
The main goal of this work was to show how the Cole–Hopf Transformation Method simplifies the Navier–Stokes
equation by changing it from a nonlinear equation into a linear one.
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